Question I
Let A be an n xn matrix with real and positive eigenvalues and b be a given vector. Consider
the solution of Ax = b by the following Richardson’s iteration

g* D = (T —wA)z® + wb

where w is a damping coefficient. Let A\; and A, be the smallest and the largest eigenvalues
of A. Let G, =1 — wA.

1. Prove that the Richardson’s iteration converges if and only if

2
O<w< —.
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2. Prove that the optimal choice of w is given by

2
Wopt = ————.
TN+ M
Prove also that
1— w)\l, w< Wopt
p(Gw) = ()\n - )\1)/<>\’ﬂ + >\1)7 W = wopt
WA, — 1, w > Wopt

where p(G,,) is the spectral radius of G,.
3 Prove that, if A is symmetric and positive definite, then

Ko(A) — 1

P(Gwopt) = m

where k9(A) is the spectral condition number of A.

Question II
Let the energy functional for u(x) € R (x € [0, 1]) be given as

' 1
Elu] = / {ﬁlﬁxu(l’)ﬁ + 1z [ul)?| dz, 0<e< 1.
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Consider the dynamical equation (natural boundary condtions)

d oF
&u(l‘7t) = _6_u[u(xvt>]v U(ZE,O) = Uo,

where ug is a sufficiently smooth function.



1. Show that Efu(z,t)] is decreasing in t.

2. If initially uo(z) € [—1, 1], show that u(z,t) € [-1, 1] for all £ > 0.

3. Design a semi-discrete-in-time scheme such that the energy functional is decreasing for

the discrete scheme.

Question III
Let ag(t),bi(t) € R (k=1,2,...,n) satisfy the differential equations:

d d

aak(ﬂ = Q(bi - bi—l): dt

where by(t) = b,(t) = 0. Consider the n x n tri-diagonal matrix L(a,b)

aq b1
b1 a9 0
L(a, b) = - )
bnfl
L 0 bnfl Qp, i

show that:
1. The eigenvalues of L(t) = L(a(t),b(t)) are independent of ¢.

2. lim b(t) =0, k=1,2,--- ,n— 1.
t—o00

bk(t) :bk(ak+1_ak)7 k= 1727"'



